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We study a class of models in which the inflaton is minimally coupled to gravity with
a term f(R)ϕ2. We focus in particular on the case when f ∼ R2, the expansion of the scale
factor is driven by the usual potential energy, while the rolling of the inflaton is driven
by the nonminial coupling. We show that the power spectrum is in general blue, and the
problem of getting a running spectral index is eased. However, the inflaton potential must
have a large second derivative in order to get a large running.
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The WMAP three data reveal that the power spectrum of the primordial density
fluctuation is not exactly scale invariant [1]. If we do not assume the running of the
spectral index, ns ≃ 0.95. However, once the running of the spectral index is introduced
as a parameter, the data favor a blue spectrum with a large running. It was shown that
the noncommutative inflation model can in principle account for this large running [2], but
with a rather unnatural potential [3]. For earlier studies on inflation models with a large
running, see [4-7].
We shall study an alternative class of models with the inflaton nonminimally coupled
to gravity. This class of models is among those studied in [8], however, those authors did
not study concrete models and moreover their method of treating fluctuation equations is
limited to cases not including the class of models studied in this note.
In the following, we shall assume a number of simplifications, leaving a more careful
and detailed study to [9]. We shall see that when the nonminimal coupling term f(R)ϕ2
assumes the form f(R) ∼ R2 and inflation is slow-rolling, the evolution of the scale factor
is driven by the potential energy V (ϕ) only. There is a region in the parameter space
where the rolling of the inflaton is driven by only the nonminimal coupling term, we shall
focus on this region, and once again leaving the study of more general situations to [9].
Consider the following Einstein-Hilbert action coupled to a nonminimal inflaton
S =
1
2
M2p
∫
d4x
√−gR+
∫
d4x
√−g
(
−1
2
(∇ϕ)2 − V (ϕ)− 1
2
f(
1
6
R)ϕ2
)
, (1)
whereM2p =
1
8piG
is the reduced Planck mass squared, f is a function of the scalar curvature
R. We will work with the FRW metric
ds2 = −dt2 + a2(t)dx2 = a2(τ)(−dτ2 + dx2), (2)
where t is the co-moving time and τ is the conformal time. The scalar curvature of the
FRW metric reads:
R = 6
(
a¨
a
+ (
a˙
a
)2
)
= 6
a′′
a3
. (3)
where the dot denotes the derivative with respect to t and the prime denotes the derivative
with respect to τ . The equations of motion derived from (1) are
3M2pa
′2 =
1
2
a2ϕ′2 + (V +
1
2
fϕ2)a4 − f ′aa′′ϕ2 + 1
2
∂τ (f
′aa′ϕ2),
6M2pa
′′ = −aϕ′2 + (4V + 2fϕ2)a3 − 3
2
f ′a′′ϕ2 +
1
2
∂2τ (f
′aϕ2),
ϕ′′+2(a′/a)ϕ′ + (V ′ + fϕ)a2 = 0,
(4)
1
note that f ′ is the derivative of f with respect to its argument 1
6
R, and V ′ is the derivative
of V with respect to ϕ .
We shall impose the usual slow-roll conditions:
|ϕ¨≪ 3H|ϕ˙|, |H˙| ≪ H2. (5)
In order to simplify calculations, we assume 1
2
(ϕ˙)2 ≪ V , the above slow-roll conditions
lead to
|V ′′ + f − 12f
′H2H˙ϕ
V ′ + fϕ
| ≪ 9H2,
|f ′H˙ϕ2| ≪ V.
(6)
To make the maximal use of the nonminimal coupling term fϕ2, we shall assume that in
the e.o.m. for ϕ, the force due to the nonminimal coupling is much larger than the one
caused by the usual potential V , namely
|fϕ| ≫ |V ′|. (7)
With this assumption, the third term on the L.H.S. of the first equation in (6) becomes
12f ′H2H˙
f
and it is much smaller than 12H2 parametrically if f is a monomial of R. In this case, (6)
simplifies to
|V ′′ + f | ≪ 9H2, |f ′H˙φ2| ≪ V. (8)
With these conditions in mind, after some lengthy calculations, we find the much simplified
equations of motion
3M2pH
2 =
1
2
(f − f ′H2)ϕ2 + V,
3Hϕ˙ = −fϕ.
(9)
Let us now specify to a class of models with f = 1
4
l2( 1
6
R)2, where l is a length scale
being either the string scale or the Planck scale. With R = 12H2, f = l2H4, with this
choice, the first term (f−f ′H2)ϕ2 in the Friedman equation vanishes identically. Thus, the
inflation of the scale factor is driven by the potential energy V only, and with assumption
(7), the rolling of the inflaton is driven by fϕ only. Define slow-roll parameters
ǫ =
M2p
2
(
V ′
V
)2, η =M2p
V ′′
V
, ∆ =
l2V
9M2p
, (10)
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where ǫ and η are the traditional ones, ∆ is a new slow-roll parameter in our nonminimal
models. Now, if |η| ≪ 1 and |∆| ≪ 3, the first slow-roll condition in (8) is met. The
dominance condition (7) becomes
∆
ϕ2
M2p
≫ |V
′
V
ϕ|. (11)
If V
′
V
ϕ ∼ 1, the above condition implies ϕ2 ≫ M2p , we must have large field inflation. To
deal with the second slow-roll condition in (8), we use the Friedman equation to compute
H˙ and in the end we obtain
∆2
ϕ2
M2p
≪ 2| V
V ′ϕ
|. (12)
When we consider concrete models, we need to come back to conditions (11) and (12).
Let ϕ∗ be the value of ϕ when inflation ends, the number of e-folds is
N =
∫
Hdt = − 1
M2p
∫ ϕ∗
ϕ
dϕ
V
fϕ
= −
∫ ϕ∗
ϕ
dϕ
∆ϕ
. (13)
It is clear that to have a large e-folds number, ∆ must be small. For positive ϕ, ϕ always
rolls from larger values to smaller ones, and when the slow-roll conditions are violated,
inflation ends.
To calculate fluctuations, we need to perturb the Einstein equations. As usual, we
will work with the following perturbed metric
ds2 = a2
(−(1 + 2φ)dτ2 + (1− 2ψ)dxidxi) . (14)
The perturbation of ϕ is denoted by δϕ. What φ, ψ and δϕ represent is called scalar per-
turbation, these components are not independent. In the usual minimal inflation models,
there are the following linear relations
ψ′ +
a′
a
φ =
1
2
M−2p ϕ
′δϕ, φ = ψ. (15)
These relations are modified for the nonminimal models. However, for simplicity, we will
still use the above relations, a honest treatment can be found in [9]. Let u = aδϕ, the
perturbation equations are
φ′′ −∆φ+ (2α− 2ϕ
′′
ϕ′
)φ′ + (2α′ − 2αϕ
′′
ϕ′
)φ = 0,
u′′ −∆u+ (−α′ − α2 + V ′′ + f − 2M−2p ϕ′2)u− 2aϕ′′φ = 0,
(16)
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where α = a′/a. We are interested in the power spectrum of the curvature perturbation
R = φ + a
z
δϕ, where z = aϕ˙/H. However, the e.o.m for R is not diagonalized. Instead,
we will use Φ = zR, the e.o.m. for Φ read
Φ′′ −∆Φ− z
′′
z
Φ+ hu = 0, (17)
where
h =
2g
α
(
ϕ′′
ϕ′
+ 2α− α
′
α
) +
g′
α
+ ∂τf
a2ϕ
ϕ′
,
g =
1
6
M−2p f
′(α2 − α′)ϕ2.
(18)
Thus, the e.o.m. for Φ is not in a diagonal form. Nevertheless, we can prove that
g ≪ 1
6
ǫa2H2, h ≤ ǫa2H2, (19)
so to the first order in ǫ, one can drop the last term in (17). Moreover, as far as the
slow-roll conditions are met, the solution to equation (17), to the first order, is the same
as in a standard inflation model. The power spectrum, to the first order, is given by
δ2H =
1
25π2
H2
ϕ˙2
=
3
25π2l2
1
∆ϕ2
. (20)
A more careful calculation of the power spectrum can be found in [9]. Now, although ∆ is
small, it is possible to choose appropriate l and ϕ to make δ2H sufficiently small to match the
COBE normalization (∼ 4× 10−10). For instance, take ∆ = 10−1, this demands lϕ ∼ 104,
this is easily satisfied if l is three magnitudes larger than lp and ϕ is one magnitude larger
than Mp.
To compute the power spectral index ns and its running αs = dns/d ln k, we use the
old horizon exit condition k = aH, thus
d ln k =
1
2
d lnV +
d lna
dϕ
dϕ = −(∆−1 − 1
2
V ′ϕ
V
)
dϕ
ϕ
. (21)
Since ∆ ∼ V , we can also write
d ln k = −(∆−1 − 1
2
∆′ϕ
∆
)
dϕ
ϕ
, (22)
where ∆′ = d∆/dϕ. Therefore,
ns − 1 = (2 + ∆
′ϕ
∆
)(1− 1
2
∆′ϕ)−1∆, (23)
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and
αs = [
ϕ2
M2p
(η − 2ǫ) + ∆
′ϕ
∆
](1− 1
2
∆′ϕ)−2∆2
+ (2 +
∆′ϕ
∆
)[
ϕ2
M2p
(η − 2ǫ)∆ + (−1 + ∆)∆
′ϕ
∆
](1− 1
2
∆′ϕ)−3∆2.
(24)
To examine the consequences of formulas (23) and (24), let us consider a further
simplification: Since we assumed ∆≪ 1, as required by the slow-roll conditions, it is also
natural to assume ∆′ϕ≪ 1. We have a simpler formula for the spectral index
ns − 1 = (2 + ∆
′ϕ
∆
)∆. (25)
Neglecting some terms in the second line of (24) smaller by a factor ∆ compared with the
first line of (24), we have
αs = −( ϕ
2
M2p
η + 3
∆′ϕ
∆
)∆2. (26)
The above formula can also be derived directly from (25) using d ln k = −∆−1dϕ/ϕ, since
(ϕ2/M2p )η is just ϕ
2∆′′/∆.
• Large running
The WMAP3 result indicates that if we introduce the running of the spectral index,
the running is quite large. At k = 0.05Mpc−1, ns = 1.21, αs = −0.1, we thus have
(ns − 1)2/|αs| = 0.44, a value smaller than 1. In the usual slow-roll inflation models, this
ratio is generally greater than 1, thus we need to resort to new models to account for this
small ratio. Another difficulty in the usual slow-roll models is that ns−1 is often negative,
namely the power spectrum is red.
To match the running data, we require
2 +
∆′ϕ
∆
> 0,
∆′′ϕ2
∆
+ 3
∆′ϕ
∆
> 0. (27)
The first condition guarantees ns− 1 > 0 and the second condition guarantees αs < 0. To
see whether we can get a large running, let f = ∆
′
∆
ϕ, we have the ratio
(ns − 1)2
|αs| =
(f + 2)2
f2 + 2f + f ′ϕ
. (28)
As a first trial, let f = (ϕ/M)n, then
(ns − 1)2
|αs| =
(xn + 2)2
x2n + (n+ 2)xn
, (29)
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where x = ϕ/M . To have a small ratio, n must be large and f = xn ∼ 2. Indeed, take
f = xn = 2, the above ratio becomes 8/(n+ 4), and n must be sufficiently large to get a
value close to 1/2. For f = 2, ns − 1 = 4∆, to have ns − 1 = 0.2, ∆ = 1/20. To be more
concrete, for the choice f = (ϕ/M)n
V ∼ ∆ = ∆0 exp( 1
n
(
ϕ
M
)n). (30)
For the choice ∆ = 20, the dominance condition (11) and the slow-roll condition (12) can
barely be both satisfied. Using (13) we have
N = ∆−1
0
∫
dϕ
ϕ
exp(− 1
n
(
ϕ
M
)n), (31)
for ( ϕ
M
)n = 2 and smaller, the exponential function in the above integral is a slowly-
varying function, thus approximately we have N = ∆−1
0
ln ϕ
ϕ∗
. Taking ∆−1
0
= 20, we find
ϕ = ϕ∗e
3 for N = 60. Finally, we need to check whether the other slow-roll condition
η ≪ 1 is satisfied. By definition of f , we have η = M2p/ϕ2(f2 − f + f ′ϕ), which is just
M2p/ϕ
2(f2 + (n− 1)f) for f ∼ ϕn. As long as M2p /ϕ2 is sufficiently small, η ≪ 1.
In general, from (28) we see that to have a small ratio (ns − 1)2/|αs|, f ′ϕ must be
larger than f . Now, f = d ln∆/d lnϕ = d lnV/d lnϕ, this condition simply states that
the second derivative of function lnV with respect to lnϕ must be greater than the first
derivative. This eases the problem of large running spectral index, since in the usual
slow-roll inflation model, one typically requires a large third derivative.
• Other models
Although a blue spectrum (ns > 1) is common in our nonminmal inflation scenario,
it is quite difficult to get a large running, as we shall show by considering some examples.
♦ Monomial potential
Let ∆ = ( ϕ
M
)n, to have a positive ns − 1, n > −2, since f = ϕ∆′/∆ = n. To get a
negative αs, n > 0. According to (28), the ratio (ns − 1)2/|αs| = (n+ 2)2/(n2 + 2n) > 1.
The e-folds number is given by N = (1/n)(∆−1(ϕ∗) −∆−1(ϕ)). Apparently, to have
a large enough N , ∆(ϕ∗) must be sufficiently small, thus, if n ∼ O(1), ns− 1 is very small
near the end of the inflation. However, ∆(ϕ) does not need to be very small, so it is still
possible to have a quite blue spectrum at large scales.
♦ Exponential potential
Let ∆ = ∆0 exp(
ϕ
M
), we have
(ns − 1)2
|αs| =
(2 + ϕ
M
)2
( ϕ
M
)2 + 3 ϕ
M
. (32)
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To have a negative αs and ns > 1, ϕ/M > 0, thus the above ratio is again greater than 1.
♦ Polynomial potential
Consider the special case ∆ = 1
2
( ϕ
M
)2 + α
n
( ϕ
M
)n. Let x = α(ϕ/M)n−2, then
(ns − 1)2
|αs| =
4 + 2( 2
n
+ 1)x+ ( 2
n
+ 1)2x2
2 + (n
2
+ 4
n
+ 1)x+ ( 2
n
+ 1)x2
. (33)
Take a limiting case when n ≫ 1, the above ratio assumes a minimal value when x ≃ 2,
and
(ns − 1)2
|αs| ≃
12
n+ 6
, (34)
of course this value can be arbitrarily smaller than 1. This is a case with f ′ϕ much larger
than f .
For n = O(1), ratio (33) can not be made small enough. We examine another limit in
which n≪ 1. Ratio (33) assumes its minial value when
x =
n
2
(
√
3− 1), (35)
and (33) is greater than 1. This is a special case of the following class of potentials.
♦ Another class of polynomials
Take ∆ = ∆0[1 + (
ϕ
M
)n]. Let x = ( ϕ
M
)n,
(ns − 1)2
|αs| =
(2 + (n+ 2)x)2
n(n+ 1)(x+ x2)
. (36)
This ratio assumes its minimal value when x = 2/(n− 2), and its value is
(ns − 1)2
|αs| =
8
n+ 1
. (37)
Once again, n must be large to get a small ratio.
In conclusion, we have seen that the class of nonminimal inflation models we studied
in this note usually results in a blue power spectrum, and a large running of the spectral
index is possible, nevertheless the second derivative of the potential must be large enough.
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